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Chapter 1

Problems

1. Prove that for all positive real numbers a, b the following inequality holds

V2a(a + b)3 + b/2(a? + b2) < 3(a® + b?).

o]

. Consider real numbers a, b, ¢ contained in the interval [, 1]. Prove that

a+b b+ec c+a.<3
“14¢ l14a 14+b—7

3. Let a, b, c be three positive real numbers contained in the interval [0, 1]. Prove that

1 n 1 5 1 & 5
ab+1 be+1 ca+l " a+b+c

4. Let , y, z be positive real numbers such that zyz = 1. Show that the following
inequality holds:
1 & 1 " 1
(z+1)2+32+1  (y+1P2+224+1  (z+1)2+22+1

<

| =

5. Let a, b, ¢ be three positive real numbers satisying abec = 8. Prove that

aw2+b—2+c—2<0
a+1 b+1 c+17

6. Leta, b, cbe the sidelengths of an acute-angled triangle. Prove that
(a+b+c) a4+ b2+ A+ + ) > 4(a® +b° + 9.

7. Let a, b, c be positive real numbers such that ab + bc + ca = 1. Prove that

avVb2+ 24 betbve2+a+catceva+b2+ab> 3.



10.

11.

13,

14.

15.

16.

. Find the maximum value of

(= + 1)(y* +1),

for all real numbers z, y, satisfying the condition that « + y = L.

. Leta, b, ¢ be positive real numbers. Prove that

i+§+g>a+b+b+c

— + 1.
b ¢ a bic a+b+

If z, y, z are positive real numbers, prove that the following inequality holds:
(z+y+2)2(yz + 22 + 2y)? < 3% +yz + 22) (22 + 2z + 23 (2 + 7y + ).

Let a, b, ¢ be positive real numbers such that

1 1 1
a+bt+e> -+ -+ -
a b ¢

Prove that
3 2

Ry . B
a+b4+c  abe

. Leta, b, ¢ be positive real numbers such that

1 1 1
>
a%—b+l+b+c+1+c+a+1 -
Provethata + b+ ¢ > ab + be + ca.

Let a, b, ¢ be real numbers satisfying a, &, ¢ > 1 and a + b + ¢ = 2abc. Prove that

Va+b+c)2>Vab—1+ Vbe— 1+ Veca— 1.

Letay, ag, ...,a, be positive real numbers satisfying the condition that a; + a2 +
...+ a, = 1. Prove that
T

a 1
L Trar e <
Gt +ay+...+a; V2
Positive numbers «, &, ©1, ©3, ..., T, (n > 1) satisfy the condition = + zo +
...+ xz, = 1. Prove that

;J:? i :c% i i .L‘?; s 1
ary + Bry  wma+ Pra T ez, + B T onla+ )

If three nonnegative real numbers a, b, ¢ satisfy the condition

1 -I 1
a?+1  b241

+ 2

bl

Z+1
prove that

) ]

ab+ bc+ ca <



17.

[
o0

26.
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Let a, b, c be positive real numbers. Prove that

a?+bz+c2> 4 +4(a—b)2
—+—+—>a c+ ———.
b ¢ a a+b+c

. Ifz, y, z are positive numbers satisfying the condition zy + yz + zz = 1, show that

@ty + e+ o) 2 (VTG VIFE+VETE) 26V3

. Leta, b, c be positive real numbers. Prove that

(a— o)?

a
ab + bc+ eca’

b ¢
fodl 5G4
b ¢ a

20. Let a, b, c be nonnegative real numbers satisfying ab + be + ca = 3. Prove that

1 1 ! -
= 1
[1abto) 118(cta) 1+c(ath) 11 2abe

. Let a, b, ¢ be positive real numbers such that 2a + b = 1. Prove that

503 4 33
F—t =>4

be ca ab —

2. i) If z, y and z are three real numbers, all different from 1, such that zyz = 1, then

prove that

x? y? z

@-1¢  G-17 ' z-1

2

R

ii) Prove that equality is achieved for infinitely many triples of rational numbers , y
and z.

. Leta, b, ¢ be positive real numbers. Prove that

a 4 b " c " 9
bb+c)?2 " clet+a)?  ala+b)2 ™ 4{ab+be+ ca)’

. Leta, b, ¢ be nonnegative real numbers such that a + b + ¢ = 1. Prove that

o (5‘4‘3)2 ffbk B .

. Let a, b, ¢ be the sidelengths of a triangle. Prove that

u3 (12
_— 122y
§a3+(b+c)3 T2 %;ag + (b+¢)?

Prove that for any real numbers a, b, ¢ the following inequality holds

(b+c—a)(c+a—b2a+b—c)? > B2+ —a?) (P +a® - ) (a® + b2 = 2).
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28.

30.
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33.
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Let a, b, ¢ be the sidelengths of a given triangle. Prove that

(a+b)(btc)ct+a)+(—a+btc)la—b+c)lat+b—c) > 9abe

Let a, b, ¢ be positive real numbers. Prove that

l+l+l 1 3 1 5 1 5 9
a b ¢ a+1 b4+1 41/ abe+ 1

. Let a, b, ¢ be positive real numbers contained in the interval [0, 1]. Prove that

2a 2b 2c

be < 4.
1+bc+l+ca+l+ab+ac_

Let a, b, ¢ be nonnegative real numbers a, b, c satisfying
max{b+c—a, cta—b at+b—c}<1.

Prove that
a? + b2+ % <14 2abe.

If =, y, z are real numbers satisfying zyz = —1, prove that

Pyt 2 L3ty +2) 2

2 9 2, .2 2 2
+z 254 x e+
2 + Wl
T Yy z

2. Let a, b, ¢, d be positive real numbers satisfying the condition a + b + ¢+ d =

abe + bed 4 cda + dab. Prove that

2a 2b 2c 2d
bt+c+d+ . > 8.
Bk = a+1+b+1+c+lkd+1_

Let a, b, ¢ be nonnegative real numbers. Prove that

@®+2be b2 4 2a 2+ ab

+ — >3
b2 + 2 c? 4 a? a? 4 p2 =
Let a, b, ¢ be positive real numbers. Prove that
ab be ca a b c

= < > - y
cle+ a) I a(a+b)+b(b+c) - c+a+a+b-| b+e

Let a, b, ¢ be positive real numbers such that ab + be 4 ca > 3. Prove that

a " b " € >i
Vat+b Vb4 e Veta T V2




36.

3

38.

39.

40.

41.

43.
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Let z, y, z, t be positive real numbers such that

1 A 1 4 1 N I
z+1 y+1 z+1 t+1
Prove that
1 11 1 11 1 11 1 1
Y o o At = fomgmedmth el =l 251
y =z y z t 4 t oy
i 11 1 11 1 11 1 1
£ MENS — =i = = fomip e ey ik —ip =
Yy oz z 1 t t
Letay, ag, ..., a, be positive real numbers. Prove that
n no noa i
(e )2 (™)
k=1 \j=1 k=1
where 1}, = (k; Y is the k-th triangular number.

Let a, b, ¢, d be positive numbers. Prove that
3(a® — ab+ b2)(? — cd + d?) > (a®¢? — abed + B2d?).

Let a, b, ¢ be real numbers such thata + b 4 ¢ = 1. Prove that

@ " b 3 c <9
a?+1 B241 241710

Let n be a positive integer, and let = and y be positive real numbers such that =™ |
y™ = 1. Prove that

~T+2% |\ T+™ ) S0 -y

Let a, b, ¢ be positive real numbers such that a + b + ¢+ 1 = 4abe. Prove that

1 11 1 1 1
S S e et
a+b+c_ - u,bJr/b_Ll\.fca
. Leta, b, cbe nonnegative real numbers such that a-+-b-+c = 3. Setz = Va2 —a + 1,

y=vb*—b+landz = Ve — ¢+ 1, Prove that: zy+yz+zz > 3andz+y+z <
24T

Letn > 2 be a given integer. Determine

(a) the largest real ¢,, such that

1 i 1 * * 1 5
1+ ay l4ay 7 14a,
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holds for any positive numbers a1, as, ..., a, withajas...a, = 1.
(b) the largest real d,, such that

B g o o Y
142  142a 14 2a,

holds for any positive numbers a1y, ag, ..., a, withajas...a, = 1.

44. Let a, b, ¢ be positive real numbers. Prove that

be o ab a b ¢

< -} o
a2 -$—bc+b9+cu+cz-ivab_b+cTc+a a+b

45. Real numbers a1, ag, ..., a, are given. For each ¢ (1 < ¢ < n) define
di =max{a; | 1 <j<i}—min{a; |i<j<n}
andletd = max{d; | 1 < < n}.

(a) Prove that for any real numbers x1 < 2o < ... < z,, we have

. d
n’laxﬂmifa,-“lgzgn}z 3

(b) Show that there are real numbers z; < z2 < ... < x, such that we have equality
n (a).

46. Leta, b, ¢ be nonzero positive numbers. Prove that

— e
\} 4a? + ab + 4b2 X \/ 4b2 4 be + 42 s \ 4c? 4 ca + da?

< 1.

47. Let a, b, c be positive numbers such that 4abe = a + b+ ¢ + 1. Prove that

)

b?,;tc2+cg+a

! a? + b2
a b v :

> 2(ab + be + ca).
48. Let a, b, ¢ be positive real numbers. Prove that

(.1,3 " b‘i c3
(a + b)3

3
B,
(b+c)8 * (c+a)®*— 8

49. Leta, b, ¢, x, y, z be positive real numbers. Prove that

(a® + 22 (B + v + 2%) > (ayz + bzx + coy — zyz)2.

50. Let x, y, z be positive real numbers. Prove that

\/yr+z+\/z+:c+\/f“yz dlztyt2) .
p y z Viy+2)(z+z)(z+y)



51.

53,

54,

55.

56.

37

58.

59.
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Let a, b, c be nonnegative real numbers such that abe = 4 and @, b, ¢ > 1. Prove
that

IA

(a=1)(b—1)(c—1) (M - 1) (¥1- 1)4.

3

. Leta, b, ¢ be positive real numbers satisfying abe = 1. Prove that

1 . 1 I 1 >E
ba+b)  cb+c)  alcta) T2

2

Prove that for all positive real numbers a, b, ¢ the following inequality holds:

1 1 1. 1 1 L
5 > )
at+b+c (anrcJr ct+a i a+b> ~ab4 be+ca T 2(a® + b2+ ¢2)
Let a, b, ¢ be the sidelengths of a triangle. Prove that

Vbte—a & Veta—b 4 vatb—c &3
Vb+ve—va  etya—vh o Ja+vh—ye T

Let a, b, ¢ be the sidelengths of a triangle with perimeter 1. Prove that

b c a

1% + +
Va+b?  vb+P  Ve+a?

<R

Prove that for any positive real numbers o, b and ¢, we have that

\/b+c+ /c+a+\/a+b> [g. atbte
a V b ¢ ﬁv Vabe

Let a, b, ¢ be positive real numbers. Prove that

a i b 4 c >i
Vab+52 Vet 2 VeataZ T V2

Leta; <as € ... < a, be positive real numbers such that

9 . 2
af-l—a%—f—u‘—}-a;l a1 +faz+ ... +an

=1, =1m,
n kg

where 1 > m > 0. Prove that for all ¢ satisfying a; < m, we have
; 2
n—i>n(m—a;)

Let , y, z be positive real numbers. Prove that

3\/§<m.(yﬁ+~/?+ﬁ).

2 - +z z4+zx zT+y
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Let a, b, ¢ be positive real numbers. Prove that

a i b 4 c & a+b+c
Va? +2bc B2+ 2 2+ 2ab ~ Vab+ be+ca

Let a, b, ¢ be distinct positive real numbers. Prove the following inequality:

a?b + ac+ b2a + b2e+ 2a + b — 6abe . 16abc
a? 4+ b2+ ¢? —ab—bc—ca _(aerJrc)Q'

Let a, b, ¢ be nonzero positive real numbers. Prove that

a® +abe b4 abe 4 abe 5, aB®+¢*)  b(PF+e®)  ca® +b%)
b+c cta a+b T a?4+be b2 4 ca c?4ab

Let a, b, ¢, d be real numbers with sum 0. Prove the inequality:

(ab + ac + ad + be + bd + cd)? 4 12 > 6(abe + abd 4 acd + bed).

Let a, b, c be positive real numbers satisfying a 4+ b + ¢ = 1. Prove that

(1 ‘2>2"' (% ‘2)2+ (l ‘2>2 z (1%22)55)—25((:12)—2c)'

Letxy, 29, ..., T, be real numbers from the interval [0, 1] satistying

2@y kg = (1—21)2(1 —22)%... (1 —2,)2
Find the maximum value of z1x9 . .. x,.

Let a, b, ¢ be three positive real numbers with sum 3. Prove that

1 1 1 2 2 2

Leta, b, cbe positive real numbers satisfying a + b+ ¢ = 3. Prove that

a n b 5 c P 1
2%4+1 2c4+1 2a+1" abc

For any three positive numbers a, b, ¢, prove the inequality

1 1 :
{14 abc) (a(l%b) + b(l+c) T c(1+‘a)) =

Leta, b, ¢, d be real numbers such that a? 4+ b% + ¢ + d*® = 1. Prove that

1 i 1 i 1 i 1 <16
1—ab 1—=be 1—cd 1—da— 3°




