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Chapter L

Problems

l Prove that for all positive real numbers a, b the following inequality holds

8. Find the ma\

for all real nr

9. Let a, b, cbe

10. Ifa,y,zarc

(c+y+z)

11. Let a,6, c be

Prove that

12. Let a, b, cbe

Prove that a

13. Leta, b, cbe

14, Let a1, a2. .

...+a":1

2o(a + b\3 +b 2(cL2 + b2) < 3(o2 + b2)

4. Let n, a, z be positive real numbers such that zgz : 1. Show that the following

inequality holds:

1 r 1 - 1 .1
lr+ l)2 | y2 I l' ly+l)2+22+I' (2 | l)2 t x2 t1- 2'

2. CoDsider real numbers o, b, c contained in the interval [;, 1]. Prove that

a+b btc .la
- lt. lto l+b-

3. Let a, 6, c be three positive real nurnbers contained in the interval [0, 1]. Prove that

1i_t.5
obll be ll rall:olblc'

5. Let a, b, c be three positive real oumbers satisying obc : 8. Prove that

a-2 6-2 c-2
a I1 b*l c*l -

6. Let a, b, c be the sidelengtlu ofan acute-angled triangle. Prove that

(a+b+c)(a2+b2+"2;1o3+b3+"3; > 4(.16 + b6 + c6).

7. Let o, b, c be positive real numbers suchttlat db + bc + ca : 1. Prove that

15. Positive nur
...*r":1

16. If thee nonn

prove that

;

b2 + c2 +bc+b c2+a2+ca+c .P +b2 +ab>3

I



Iror."q,qo
" l'ql "oo'd

._ ltd t+.,q t-zo ur-r'l
uoqrpuoc oql /iJSrlBs , 'g 'D s.requnu pej e^qegeuuou eerqlJl 9I

(l I o)rr 
- 

tt7 | utrt tJ'tr , ;f,o zrl 4 tro
-- * ," I;/

luql a ojd l:".(:+"'
+ z, + Ic uoBrpuoo eql ,4JsrtBs (t 7 ")'"" t t.a 'rr '6l'i, sraqunu e^qrsod sl

t
leqr .,

lt'

8ur^rollo.l eqt E

rqr a,rord {1 '

1"ql

sp10q

j

r=! -4
TTT

]eql e^o.Id I:to+"
+ ar + ro l"qt uorlrpuoc eqt Bur,Qsrps s:equmu lee-r a,lqrsod aq ''Dt 

tzD 'Irle.1 ,l

t-@t+t-)qa+I-qloA<r(o+q1o)

$q|.^old.joz: , + g + , pue I < , '! 'o 8ur8sq"s sre qumu lser e q , 'q ',o !a1 fl
''ox + )9 + q'o < r + I + D lPql c^ord

_l l_o+) Ttr,rg Ilqto i<-IT]
teqt qcns sJequrnu 1ea: e.rqrsod eq : 'g 'o p1 ; y

xqo )+q+D _ :+ <)+q+u
1eql a^ojd

D
+ _ 7-r+9+t)

t

lBrg qgns sjequmu pal .^rlrsod eq , 'g 'r, l.'I J I

Qfr a nr -y zr)(zr + x:z + zz)(zz -l Zfr. + zfr)t t z(fr2 + :rz + z fr) 

"Q 
1 n 1 r)

:sploq ,{-}Jl?nb6ur 8ul,,nollog aql reql e,lo.td 'sIequmu l"el eaqlsod en z 'fr':r 11 91

Alo ., lq D ) q
.T+- | _----_ < _ I

)lq qto ) I D

1"q] e^oJd 'slaqurnu per elDtsod aq , 'g 'p le'J 6

'I : f + r leqt uoqlpuoc oql 3urts4"s ',f ', srequmu lEer lle roJ

'(t + 
'r;11 

1tc;
Jo enl€r. unurxaru eql puld 8

'-+t II

6



Let o. D, c be positive real numbers. Prov€ that

a2 b2 c2 lta - br:., r->(tlblr l--+-.b t o d+h+c

If/, y, z are positive numbem satisfying the condition zg + yz + zro : 1, show that

27, Let a, b, cbe

(a+L

28. Let a, b, cbe

27

l 'r clLrl zltz I rl:(,/r" tJ vGlztr/i-t)2 t;rt.

19. Let a, 6, c be positive real numbe$. Prove that 29. Let a, 6, c bc

30. Let a, D, c be

Prove thar

31. lf c,9, z are

32. Let a, b, c. t

abc + bcd +

abc:*-*->3* (" - .)'
ab+bc*ca

20. Let a, b, c be nonnegative real nunbers satisfuing ab I bc I ca : 3. Prove *Iat

i1l3
1 t * u|t"

21. Let a, b, cbe positive real numbers such that 2a + 6 : 1. Prove that

1+a2(b+c) 1) b2(cIa) lrc2(arb)

sa3 4b3 3c3

-r-r-.>
bt: .a nl)

22. i) lf t, y ar,d z are three real numbers, all different frorn 1, such that ,caz : 1, then

prove that
r: u2 ,2

(/- l): ' (y- I)2 ' 12-l)2 -'

1

i, Prove that equality is achieved for infinitely many triples ofrutional numbers r, y
ard z.

23. Let @, b, cbe positive real numbeIs. Prove that

c I
4@Tb;+;6

33, Let a, lt. c be

34, Let a, b, cbe

35. Let a, b, cbe

l.'1b I c12 ' .(, , ,r)4 ' op I h12 -

24. Let u, b, c be ronnegative real numbers such that a + b + c : 1. Prove that

25. Let o, D, c be the sidelengths ofa tdangle. Prove that

\- "' ' t>n\- d2
Lai t \h I ")3 

' ' -'Z-o2 -. lb-- ct2'

26. Prove that for any real numbers a, b, c the following inequality holds

(b + c- a)2(c+ a-b)2(a+b c)2 > (b2 + c2 - a2)(c2 + o2 - b211o2 + b2 - .21

l0
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36. Let r, y, z, t be positive real numbe$ such that

45. Real nrunbcr,

holds for any

(b) the larges

andletd:t
(a) Prove thal

(b) Show that

in (a).

46. Let o,, b, cbe

1111 al
r+1' 9 +1 ' z-l'i 'tl-1-'

Prove that

37. Let ay, a2, .. . . , o, be positive real numbels. Prove that

(t I tl I r I I L I t)n{ , I r I I I }<l
[-r ]J t ! 2 I 2 I "r I r !)-

]n1

I I I I I I I I t)_*_ L,_ r: r _.: L_+_)
9 z t z t x I r 9)

",*) . (r

holds for any

44. Lel a, b, c be

llIaJ{
(1 1 ri--F-+-[r v z

II I altl

where [, - Up i, a" l-tt, t iangular nunber

38. Lct a, ll, c, d be positive numbe$. Prove that

3(a2 - ab + b2)lc2 - cd + d2) >_ (.a2 c2 - abcd + b2d2)

39. Leta, b, cbe real numbers suchthata + 6+ c - 1. Prove that

40. Let n be a positive integer, and let :, and y be positive real nurnbers such that z' +
g" - 1. Prove that

i+, -,'^) /*, ,'-\
\!,t r,,^ ) \?,t o,o ) - rr -iiir -yr

o.br:0
.rr t1 b2+l .2+1'10

4 L Let o, l, c be positive real nurnbers such that lr + , * c * 1 : .ldbc, Prove rhat

1i1
vC' ' r,1;' vri

i

111-+-+->3>a b t- -

47, Let a, b, cbe

48. Lct a, b, cbe

49. Let a, b, c, t

50. Let z, A, z be

42. Let a, b, c be nonnegative real numbers such that d+b I c - 3. Set c : liF -in,
y : y@ - b + 1 arld, : 1@ - c 4. f rove that: -r9 I gz+ z-r > 3 and r+y+z <
2+ vq.

43. Let n 2 2 be a given intcger. Determrne

(a) the largest real c,. such that
v11

-*l
1la1 1+.-/1

1

7 r ",, ='"
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51. Let a, b, c be nonnegative real numbers such that @bc : 4 ar,d d, b, c > 1. Prove

that

(a - 1)(b - 1)(c 1)
a+b+c

3( \ . /Jr- r\"

60, Let o, b, cbe 7

61. Leta,b,cbec52. Lel a, b. cbe positive real nunbers satisrying abc : 1. Prove that

1113
Lp rb1 ' c1b+c)'ugta1 't

53. Prove that for all positive real numbers a, D, c the following inequality holds

1

2(a2+b2+c2)

62. Let o., b, cbe r

o3 + ob.1

"+b+.
111

h+c' c+u' o+b
1

- ab+bc+ca)
54. Let a, b, c be the sidelengths of a triangle. Prove that

cta-b a!b-c

6+c

63. Let a,b, c, d h

(ab +

64. Let a, b, cbe 1

+. <3
te+ tla - vG ,A+ t6 :/Z

5 5. Let .2, b, c be the sidelengths of a kiangle with perirnetcr 1. Provc that

br< | -l- ' -1,,F+V ' vl, -.: t/" i o2 
' "

56. Prove that for any positive real numbers a, b and r:, we have that 65. Let rt. rz

67 . Let o., b, cbe

Find the maxi

66. Let o, 6, c be I

,l+. c+cL
b

+
b

0

57. L€t rr, b, c be positive real numbers. Prove that

o , b - c 
':J\/;riE' v6=7' vG;-t; - \/,

58. Let al < a2 < . . . ! a. be positive real munbers such that

nn
where 1 ) m > 0. Prove that for all i satisfuing o1 S 'm, we have

n-i/n1m-o,)2.

59 . Let x , y , z be positive real numbers. Prove that

"2, 
+ "')r+ 

... + 
"2^

z+y-+z

at+ct2+...+an

)

68. For any three

69. Leta, b, c. c

t/53
"6+t/Y+r/,U+z z+x r+A(2

a+b+c
l/ abc

/1
[;
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